The aim of this work is to define the notion of compatible random operators in a partially ordered metric space and prove some coupled random coincidence theorems for a pair of compatible mixed monotone random operators satisfying (φ, ϕ)-weak contractive conditions. These results present random versions and extensions of recent results ofĆirić and Lakshmikantham (Stoch.
Introduction
Random coincidence point theorems are stochastic generalizations of classical coincidence point theorems. Some random fixed point theorems play an important role in the theory of random differential and random integral equations (see [ Theorem . Let (X, ≤) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric space. Let F : X × X → X be a mapping having the mixed g-monotone property on X such that there exist two elements x  , y  ∈ X with
Suppose there exist φ ∈ and ϕ ∈ such that
for all x, y, u, v ∈ X with gx ≥ gu and gy 
Main results
Let ( , ) be a measurable space with being a sigma algebra of subsets of , and let
In what follows, when we speak of measurability, we will mean -measurability. A mapping T : × X → X is called a random operator if for any x ∈ X, T(·, x) is measurable. A measurable mapping ζ : → X is called a random fixed point of a random function T :
Definition . Let (X, d) be a separable metric space and ( , ) be a measurable space. Then F : × (X × X) → X and g : × X → X are said to be compatible random operators if
whenever {x n }, {y n } are sequences in X, such that lim n→∞ F(ω, (x n , y n )) = lim n→∞ g(ω, x n ) = x and lim n→∞ F(ω, (y n , x n )) = lim n→∞ g(ω, y n ) = y for all ω ∈ and x, y ∈ X are satisfied.
be such that ϕ(t) < t and lim it r→t + ϕ(r) < t for all t > . Now, we state our main result.
Theorem . Let (X, ≤, d) be a complete separable partially ordered metric space, ( , ) be a measurable space, and F : × (X × X) → X and g : × X → X be mappings such that
are measurable for all v ∈ X × X and x ∈ X respectively; (iii) F(ω, ·) has the mixed g(ω, ·)-monotone property for each ω ∈ and 
Now, we shall construct two sequences of measurable mappings {ζ n } and {η n } in , and two sequences {g(ω, ζ n (ω))} and {g(ω, η n (ω))} in X as follows.
Continuing this process, we can construct sequences {ζ n (ω)} and {η n (ω)} in X such that
and
for all n ≥ . We shall prove that
The proof will be given by mathematical induction. Let n = . By assumption we have
Therefore, () and () hold for n = . Suppose now that () and () hold for some fixed n ≥ . Then, since g(ω, ζ n (ω)) ≤ g(ω, ζ n+ (ω)) and g(ω, η n (ω)) ≥ g(ω, η n+ (ω)) and as F is monotone g-non-decreasing in its first argument, from () and (), we have
Similarly, from () and (), as
Now from (), (), and (), we get
Thus, by mathematical induction we conclude that () and () hold for all n ≥ . Denote for each ω ∈
We show that
Since from () and () we have
, therefore from () and (), we get
Similarly, from () and (), as
By adding () and (), and dividing by , we obtain (). From (), since ϕ(t) < t for t > , it follows that {δ n } is the monotone decreasing sequence of positive reals. Therefore, there is some δ ≥  such that
We show that δ = . Suppose, to the contrary, that δ > . Taking the limit in () when δ n → δ+ and having in mind that we assume that lim r→t+ ϕ(t) < t for all t > , we have
a contradiction. Thus, δ = . Now we prove that for each ω ∈ , {g(ω, ζ n (ω))} and {g(ω, η n (ω))} are Cauchy sequences. Suppose, to the contrary, that at least one, {g(ω, ζ n (ω))} or {g(ω, η n (ω))}, is not a Cauchy sequence. Then there exist an ≥  and two subsequences of positive integers {l(k)}, {m(k)},
We may also assume
By choosing m(k) to be the smallest number exceeding l(k) for which () holds, such m(k) for which () holds exists, because δ n → . From (), () and by the triangle inequality, we have
Taking the limit as k → ∞, we get
Inequality () and the triangle inequality imply now
Hence,
From () and (), we conclude that
Now () and () imply that
Inserting () and () in (), we obtain
Letting k → ∞, we get by ()
a contradiction. Therefore, our supposition () was wrong. Thus, we proved that {g(ω, ζ n (ω))} and {g(ω, η n (ω))} are Cauchy sequences in X.
Since X is complete and g(ω × X) = X, there exist ζ  , θ  ∈ such that lim n→∞ g(ω, ζ n (ω)) = g(ω, ζ  (ω)) and lim n→∞ g(ω, η n (ω)) = g(ω, θ  (ω)). Since g(ω, ζ  (ω)) and g(ω, θ  (ω)) are measurable, therefore the functions ζ (ω) and θ (ω), defined by ζ (ω) = g(ω, ζ  (ω)) and θ (ω) = g(ω, θ  (ω)) are measurable. Thus,
Since F and g are compatible mappings, we have by ()
Next, we prove that
Let (a) hold. We have
Taking the limit as n → ∞, using (), (), and () and the fact that F and g are continuous, we have
Similarly, from (), (), and () and the continuity of F and g, we have
Combining the above two results, we obtain
Next, suppose that (b) holds. From (), (), and (), we have {g(ω, ζ n (ω))} is nondecreasing and {g(ω, η n (ω))} is non-increasing sequence and
So, from () and (), we have for all
Since F and g are compatible mappings and g is continuous, by () and () we have
Taking the limit as n → ∞ in the above inequality, using () and (), we have
Since the mapping g is monotone increasing, by (), (), and the above inequality, we have for all
Using () and the property of a ϕ-function, we obtain
That is,
And similarly, by the virtue of (), (), and (), we obtain
This proves that F and g have a coupled random coincidence point.
Corollary . Let (X, ≤, d) be a complete separable partially ordered metric space, ( , ) be a measurable space, and F : × (X × X) → X and g : × X → X be mappings such that (i) g(ω, ·) is continuous for all ω ∈ ; (ii) F(·, v), g(·, x) are measurable for all v ∈ X × X and x ∈ X respectively; (iii) F(ω, ·) has the mixed g(ω, ·)-monotone property for each ω ∈ and for some
for all x, y, u, v ∈ X, for which g(ω, x) ≤ g(ω, u) and g(ω, y) ≥ g(ω, v) for all ω ∈ . Suppose g(ω × X) = X for each ω ∈ , g is monotone increasing, and F and g are compatible random operators. Also suppose either (a) F(ω, ·) is continuous for all ω ∈ or (b) X has the following property:
(ii) if a non-increasing sequence {y n } → y, then y n ≥ y for all n. If there exist measurable mappings ζ  , η  :
is, F and g have a coupled random coincidence point.
Proof Taking φ(t) = k · t with k ∈ [, ) in Theorem ., we obtain the result.
The following theorem presents the stochastic version of Theorem . and generalizes the recent results in [] . http://www.journalofinequalitiesandapplications.com/content/2012/1/257 Theorem . Let (X, ≤, d) be a complete separable partially ordered metric space, ( , ) be a measurable space, and F : × (X × X) → X and g : × X → X be mappings such that
are measurable for all v ∈ X × X and x ∈ X, respectively; (iii) F : × (X × X) → X and g : × X → X are such that F(ω, ·) has the mixed g(ω, ·)-monotone property for each ω ∈ ; and suppose there exist φ ∈ and ψ ∈ , satisfying conditions of Theorem ., such that
is monotone increasing, and F and g are compatible random operators. Also suppose either (a) F(ω, ·) is continuous for all ω ∈ or (b) X has the following property:
if a non-decreasing sequence {x n } → X, then x n ≤ x for all n,
if a non-increasing sequence {x n } → X, then x n ≤ x for all n.
(   )
If there exist measurable mappings ζ  , η  :
is, F and g have a coupled random coincidence.
Proof Let = {ζ : → X} be a family of measurable mappings. Define a function h : × X → R + as follows:
Since X → g(ω, x) is continuous for all ω ∈ , we conclude that h(ω, ·) is continuous for all ω ∈ . Also, since x → g(ω, x) is measurable for all x ∈ X, we conclude that h(·, x) is measurable for all ω ∈ (see [] , p.). Thus, h(ω, x) is the Caratheodory function. Therefore, if ζ : → X is a measurable mapping, then ω → h(ω, ζ (ω)) is also measurable (see [] ). Also, for each ζ ∈ , the function η : → X defined by η(ω) = g(ω, ζ (ω)) is measurable, that is, η ∈ . Now, we shall construct two sequences of measurable mappings {ζ n } and {η n } in , and two sequences {g(ω, ζ n (ω))} and {g(ω, η n (ω))} in X as follows.
. Continuing this process, we can construct sequences {ζ n (ω)} and {η n (ω)} in X such that
The proof will be given by mathematical induction. Let n = . By assumption, we have
. Therefore, () and () hold for n = . Suppose now that () and () hold for some fixed n ≥ . Then g(ω, ζ n (ω)) ≤ g(ω, ζ n+ (ω)) and g(ω, η n (ω)) ≥ g(ω, η n+ (ω)) as F is monotone g-non-decreasing in its first argument, from () and (),
Similarly, from () and (), as
Now, from (), (), and (), we get
Thus, by mathematical induction we conclude that () and () hold for all n ≥ . Therefore,
, using () and (), we have
, using () and (), we also have
Using () and (), we have
From the property (iii) of φ, we have
Using () and (), we have
Since ψ is a non-negative function, therefore we have
Using the fact that φ is non-decreasing, we get
Now, we show that δ n →  as n → ∞. It is clear that the sequence {δ n }is decreasing; therefore, there is some δ ≥  such that
We shall show that δ = . Suppose, to the contrary, that δ > . Then taking the limit as n → ∞ on both sides of () and as lim t→r ψ(t) >  for all r >  and φ is continuous, we have
Now, we will prove that {g(ω, ζ n )}, {g(ω, η n )} are Cauchy sequences. Suppose, to the contrary, that at least one of {g(ω, ζ n )} or {g(ω, η n )} is not a Cauchy sequence. Then there exists an >  for which we can find subsequences of positive integers
for k = {, , , . . .}. We may also assume
by choosing n(k) in such a way that it is the smallest integer with n(k) > m(k) and satisfying (). Using (), (), and the triangle inequality, we have
Letting k → ∞ and using (), we get
By the triangle inequality, 
By the same way, we also have
Putting () and () in (), we have
Taking k → ∞ and using () and (), we get
a contradiction. This shows that {g(ω, ζ n )} and {g(ω, η n )} are Cauchy sequences. Since X is complete and g(ω × X) = X, there exist ζ  , θ  ∈ such that lim n→∞ g(ω, ζ n (ω)) = g(ω, ζ  (ω)) and lim n→∞ g(ω, η n (ω)) = g(ω, θ  (ω)). Since g(ω, ζ  (ω)) and g(ω, θ  (ω)) are measurable, then the functions ζ (ω) and θ (ω), defined by ζ (ω) = g(ω, ζ  (ω)) and θ (ω) = g(ω, θ  (ω)), are measurable. Thus, Using the compatibility of F and g and the technique of the proof of Theorem ., we obtain the required conclusion.
Corollary . Let (X, ≤, d) be a complete separable partially ordered metric space, ( , ) be a measurable space, and F : × (X × X) → X and g : × X → X be mappings such that
